Abstract: Experiments on motions and deformations of non-cohesive granular materials are characterized by important fluctuations both in time (sudden breaks, avalanches, earthquakes) and space (strain localizations, yield surfaces). The conventional wisdom, based on the standard tendency to homogeneize, has been to dismiss them as experimental noise. Here, we suggest that these fluctuations observed both at large scales and at the grain scale constitute an important intrinsic signature of the mechanics of granular media. An analogy with spin glasses and neural networks, based on the existence of grain packing disorder and grain rotation "frustration", shows that discontinuities in time and space are intimately related. The qualitative properties of the experimentally observed "intrinsic" and "sample to sample" fluctuations are rationalized within the proposed analogy.
INTRODUCTION
It is a natural strategy to analyze a system or a phenomenon by studying its average properties. This is justified in many cases and has provided a lot of successes in the past in many different fields. However, there exists systems whose behavior cannot be fully understood unless one studies them away from their average, namely by focusing on their fluctuations [1] . This has become increasingly clear in the last few years for a remarkably large variety of systems, from fields as diverse as statistical mechanics, biology and computer science. It is becoming common to refer to these systems as "complex systems". Surprising and possibly deep connections appear to exist between them, which are for instance based on the existence of "frustration" [2] , disorder and which result in important intrinsic fluctuations.
In this paper, we focus our attention on motions and deformations of non-cohesive granular materials because of their intrinsic rich physics and their wide-spread range of applications as powders [3] , in geomechanics [4] [5] as well as models of earth tectonics and quakes [6, 7] , Here, we would like to propose and defend the point of view that the mechanics of granular media cannot be fully encaptured by a continuous description but on the contrary is characterized by unavoidable fluctuations which constitute intrinsic signatures and provide clues to the understanding of this system. More precisely, the study of the fluctuations suggests a relation between a microscopic description of the granular media at the grain scale and its macroscopic behavior.
In the following, we first review ( §2) the available experimental facts that betray the existence and importance of fluctuations in the deformation of granular media. In the second part ( §3), we propose an analogy between the mechanics of granular media and spin glasses. The term spin glass has been introduced initially to describe a given specific composite systems of diluted ramdomly placed Fe atoms among Au atoms. Each Fe atom carries a spin which interacts with the other Fe atoms through an interaction which is an oscillatory function of the distance between the pair of Fe atoms (so-called RKKY interaction). Since Fe atoms are positioned at random, their pair interactions take arbitrary but fixed (quenched) signs, a positive coupling coefficient favoring the ferromagnetic alignment of the spins while the negative sign favors anti-ferromagnetic ordering. The set of random coupling coefficients introduces "frustration", is of course characterized by disorder, produces novel bizarre behaviors (long time relaxation, breakdown of ergodicity, etc.) and of course important fluctuations. The mathematical formulation of the spin glass problem and its various versions constitutes the paradigm of the physics of "complex systems" which we would like to apply here to the mechanics of granular media.
EVIDENCE OF FLUCTUATIONS IN THE MECHANICS OF GRANULAR MEDIA

Fluctuations at the macroscopic scale
The mechanics of granular media is established on well-defined experiments carried on standard devices, such as Casagrande boxes (for shear tests), triaxial apparatus (for compressive tests), etc... In these experiments, a continuously increasing deformation is usually applied and various macroscopic quantities (such as the porosity, its derivative with respect to the deformation (dilatancy), the shear stress, the overload, the isotropic stress, etc...) are measured as a function of the deformation.
In these experiments, fluctuations come under two categories : 1) Within a given experiment, the measured quantity (say the reduced uniaxial applied stress q/p in a triaxial test) does not behave continuously as a function of the deformation ei=Ah/h, where h is the height of the triaxial sample, but presents a "noisy" aspect around an averaged continuous variation. It is custumary to consider these fluctuations as an "experimental uncertainty", attributed to experimental errors, limited resolution of the measuring apparatus, external vibrations, etc..., in a word as a "noise". In the sequel, we will name it "internal fluctuations".
2) The second type of fluctuations is often observed when repeating the same experiment, using the same experimental set-up, the same granular medium prepared under identical conditions defining equivalent samples (up to the control of the same experimentalist), the same measuring apparatus with the same experimental procedure. It often occurs that a perfect reproducibility is not found and that various physical characteristics are sample dependent. The usual reaction to such observations is to attribute the absence of reproducibility (which will be called "sample to sample" fluctuations) to experimental errors during the preparation of sample or in the measuring process.
It is our purpose to reanalyze published and unpublished experiments to show that there exist strong indications that these two types of fluctuations ("internal fluctuations" and "sample to sample fluctuations") are genuine intrinsic properties of granular media. Of course, this does not mean that non-reproducibility and experimental uncertainty cannot appear in addition as a result of careless experimental procedures. We address the case of "well-done" and "well-controlled" experiments! a) The triaxial test· Notwithstanding the almost complete absence of a clear statement of this fact, there are strong reasons to believe from the literature that two strictly identical triaxial tests do not lead to the same final state ("sample to sample fluctuations"). For instance, it is well-known that a bulging bifurcation [8] may occur, and that very tiny changes on boundary conditions make successive tests non perfectly "reproducible" [9] . One also observes variations of the yield surface inclination when a single yield surface is observed, or fluctuations of the stress-strain characteristics when homogeneous tests are achieved. It is even possible to quantify the non-reproducibility of the results in some special well-defined cases, for instance, when the state of the granular material is supposed to be perfectly defined such as in the case of the so-called critical state [10] . According to the common wisdom of soil mechanics specialists, the "sample to sample fluctuations" of the measured friction angle in this "critical state" is at least 2°. To account for the observed randomness in the mechanics of strain localization, soil mechanics specialists have introduced various remedies in the standard theoretical framework (yield design theory [11] or continuum bifurcation formulation [12] ), for instance probabilistic failure criteria [13] , plastic deformation constitutive laws with a history dependence...
The evaluation of the "internal fluctuations" is much harder since most of the many experimental triaxial test curves which are reported in the literature are smoothed prior to publication. Only a few partial data are reported with some "fluctuations"or slope discontinuities. Some relevant examples may be found in [9, 10, 14] . Fluctuations appear particularly on the behavior of the deviatoric stress [9, 10, 14] and on the dilatancy [9, 10] (see in particular fig.21 of ref. [9] ). It is also interesting to mention the data on polystyrol [10a] which exhibit a very large and unexplained "internal fluctuations".
A very important experimental observation is the following : in general, much larger "internal fluctuations" are found in 2-D experiments (i.e. with biaxial cell test on rods [15] ) than with grains in 3-D apparatus. This strengthens the idea that these fluctuations are genuine. b) Other classical soil mechanics testing devices These two kinds of fluctuations are also found when testing 3-D granular materials or 2-D packing of rods, using a Casagrande box [15, 16] . There are also found in penetration [14] and footing experiments [17] or during the uplift of an anchorage [17] . Similar fluctuations appear in bulldozing [18] . In the same spirit, it is well known that the stress in a silo at rest fluctuates from point to point [19] .
Important geometrical fluctuations are also observed in the formation of localization bands. Since Coulomb [20] , it is well known that, as the deformation increases, a granular sample generally produces a yield surface where strains are localized. This occurs even when the mechanical test is highly symmetric such as in the triaxial test. This yield surface is understood as the consequence of a mechanical instability or equivalently a bifurcation. To account for this behavior, two standard approaches have been developed. The first one makes use of the yield design theory [11] and evaluates the shape of the most probable yield surface. The second one uses a continuum theory together with a formalism of bifurcations [12] associated to a stress-strain mechanical law [21] . This second approach may be combined with finite element techniques [21] based on the use of an incremental mechanical law determined directly from experimental triaxial test data. These theoretical approaches predict a single well-defined major crack. This is true at least when the sample symmetry is low, since in some cases, when the symmetry of boundary conditions is larger, different failure surfaces are equally possible [22] at the beginning of deformation; in this case, these different failures compete and several may be observed simultaneously at small deformation, but an increase of deformation leads eventually to the selection of one of them [22b] .
Experimentally, the situation is not as simple and in many cases, the selection of one leading localization band occurs only in the very late stage at very large deformations. In the mean time, the different bands have time to grow and have been found to form complex fractal patterns of widly varying lengths and positions [6] . Also, notable differences between two fractal localization band patterns obtained under apparently the same conditions have been observed [6b], confirming again the ubiquitous presence of sample to sample fluctuations. These fluctuations come from the fact that the major crack is not produced at once but results from the growth and fusion of many smaller precursors largely spread in the sample volume [23] . Important fluctuations are also found in the problem of slope instability at the free surface of granular-material, notably in the statistics of sand avalanches [24], For instance, one finds a typical mean avalanche size <δθ>=2° which is the difference between the inclinations of the free surface before and after a typical avalanche; the width of the distribution of δθ is also about 2°. These quantities seem to be quite independent of the pile size [24a] (for piles larger than 40 grains) and of gravity [24b] in the range l-100g. Note that these fluctuations of the avalanche size correspond also to the fluctuations of the maximum angle of repose 0 m , so that these fluctuations can be viewed as the "reproducibility" with which one may define the macroscopic friction coefficient This results confirms the evaluation of the "sample to sample fluctuations"of a triaxial experiment, since the angle of the localization band is also controlled by the same macroscopic friction coefficient A few series of sand-avalanche experiments have also been performed on 2-D packings [24d], Their results confirm that fluctuations of the avalanche size are much larger in 2-D than in 3-D. In this case, one can interpret this change of behaviour as an order-to-disorder crossover (from an ordered 2-D packing to a random 2-D packing).
c) Summary
Summarizing the above experimental observations, macroscopic "internal fluctuations" and "sample to sample fluctuations" of mechanical tests measuring intensive quantities such as the deviatoric stress level, the porosity, etc. appear to be genuine intrinsic phenomena, which are present even at a macroscopic level. It is not clear how the amplitude of these fluctuations depend on the sample size. However, it does not seem that these fluctuations average out when taking the infinite volume limit, contrary to the usual expectation of standard statistical physics and thermodynamics (central limit theorem). An important observation is that "sample to sample fluctuations" are always larger than "internal fluctuations". Furthermore, the size of these fluctuations are enhanced in 2-D experiments compared to those observed in 3-D.
Fluctuations at the microscopic scale: Microscopic stress localization and restructuration
Dantu has been the first to use photoelasticity to demonstrate that stress is a wildly varying quantity within a loaded granular material [25] . Photoelasticity enables to visualize the paths taken by the stress field [26] . It has been found that only a small fraction of the grains carry a significant stress, at low global load. This fraction of grains builds up a loose complex disordered connected system of stress paths [14, 25] . Many grains are thus left-over and carry a small or no stress at all and are thus screened. Increasing the load on the sample, this first leads, for very weak load increases, to deform the material in a continuous fashion with a continuous evolution of the local stress paths. But very soon, one observes [25b] many "bifurcations" corresponding to a complete and sudden redistribution of the geometry of the local stress paths. As the load increases more, the system of stress path densify progressively while exhibiting large non-local reorganizations. The visualization of the fluctuations of the stress paths within granular samples allows a vivid illustration at the microscopic grain scale of the "internal fluctuations" reviewed above at the macroscopic level.
More quantitatively, different works have brought useful informations on the distribution of the forces at the contact between two grains. In [27] , an experiment on brittle grains loaded by an increasing force has shown that the first grain rupture occurs for a load ten times smaller than the one estimated for identical contact forces between all pairs of grains : this result suggests that the ratio between the maximum intergranular force and its average is of the order of 10. Contact forces have been estimated in small 2D Schneebeli (parallel cylinders) models made of 40 cylinders, by measuring the friction force between cylinders in solid contact and using a linear friction law. The ratio maximum/average for the contact force is about 2 in this small system. In [28] , the ratio maximum/average for the contact force in a 3D sand grain system containing 2000 grains is found about 9. This value around 10 is often observed and seems to be the asymptotic value for large systems. These results show that large deviations from the average of the force of contact exist, traducing the existence of important "internal fluctuations".
Summary of the keys results
Fluctuations have been found experimentally in two guises : 1) "internal" fluctuations and 2) "sample to sample" fluctuations. They are observed both at the macroscopic and microscopic level. They concern both spatial geometrical features as well as mechanical quantities. In other words, these fluctuations occur both in space (geometry) and time (variation of various mechanical quantities with the load).
ANALOGY BETWEEN GRANULAR MEDIA AND COMPLEX SYSTEMS
What is an analogy? What is its purpose? An analogy is a set of correspondence rules which map the physics of one system upon that of another one. Such a mapping is useful if we learn something in the process, namely if the "new" mapped problem is less understood that the "old" mapped-upon one. If the two problems are of a priori equivalent difficulties, the analogy only serves to reduce the number of open problems. Sometimes, going back and forth between the two formulations suggested by the analogy helps in making progress towards a solution (to both problems). An analogy is useful even when only qualitative because it may help understanding the existence of a priori unexpected behaviors in the "new system". It is also useful because mapping means also connecting two problems, even maybe two fields of research. As a consequence, the way of reasoning and the methods of one field can be used with some success in the other one.
It is our purpose to suggest an analogy between the mechanics of granular media and the physics of complex systems, whose paradigms are spin glasses and neural networks.
Our line of reasoning is based on two essential ingredients : 1) the existence of "intrinsic" and "sample to sample" fluctuations, both in the mechanics of granular media and in spin glasses, 2) the existence of an analog variational principle which governs the state of equilibrium of both systems, based on similar ingredients, disorder and frustration.
3.1. Brief discussion on spin glasses, neural networks and "complex systems" [30, 31] Consider a network of nodes i and of links ij which bind the nodes i and j together. Attribute to each node i a variable (called a spin) Sj usually taken discrete and equal to ±1 (it can also be continuous between say -1 and 1). Attribute to each link an algebraic number Jjj which characterizes the strength of the interaction between the two spins Sj and Sj along the link ij. The simplest interaction energy Hjj is usually taken of the form Hjj = -Jy Sj Sj (1) If Jy>0, the energy is the lowest (stable state) when the two spins have the same sign (they are aligned). This corresponds to the so-called ferromagnetic ordering. If all Jjj are positive, the stable state corresponds to two equivalent configurations in which all spins are of the same sign either all + or all -(ferromagnetic state). If Jjj<0, the energy is the lowest (stable state) when the two spin have opposite sign (they are anti-aligned). This corresponds to the so-called antiferromagnetic ordering. If all Jy are negative, the stable state corresponds to the antiferromagnetic phase characterized by the fact that spins alternate in sign from one site to the next one. Note that on square lattice, this is possible. However, in a triangular lattice, this is not as can be seen by following the perimeter of a triangle, say clockwise. Starting from a spin + at one node, the neighbor must be -to minimize the interaction energy with Jjj<0. Its neighbor is then +. But this spin is also the neighbor of the first spin which is also +. As a result, the energy of interaction of these two spins is not minimum. This situation has been coined "frustration" [2] since at least one interaction must be frustrated on each plaquette. The existence of frustration leads to the existence of several degenerate state of equivalent minimum energy. More generally, frustration arises in a system whose interactions compete or conflict in such a way that not all constraints on the system can be simultaneously satisfied.
If in addition, the Jjj couplings are distributed at random in the system, frustration will appear whatever the topology of the underlying lattice. To verify this point, it suffices to follow a closed loop and compute the product IlJjj of all Jjj of the links which constitute this closed contour. A negative product corresponds to frustration on this loop [2] , The problem defined by the hamiltonian (1) with random algebraic coupling coefficient Jjj is called a spin glass.
Summarizing tremendously this rapidly developing field [30, 31] , one can recall briefly the key results which bear on the proposed correspondence with the mechanics of granular media. It has thus been discovered that these two ingredients, disorder and frustration, lead to the existence of, not a single well-defined stable minimal state, but rather to a very large number of disorder minimum states of equivalent energies. The number of these minimum states usually increases exponentially with the number of degrees of freedom (spins). The energy landscape is extremely complicated with a hierarchy of barriers of increasing sizes separating the minimum states. In other words, in order to go from one minimum state to another, an energy barrier must be passed. It has been discovered that the set of minimum states can be ordered by defining a "distance" in the space of states, the distance between two states being roughly the height of the barrier which needs to be passed to go from one state to the other. With this distance, the space of minimum states has been found to be Ultrametric, i.e. it can be viewed as a hierarchy of states of increasing distances, arranged according to a hierarchical tree. This hierarchical structure is responsible for instance for the anomalous time dependence of thermodynamical properties of spin glasses [1] .
These results are obtained for a fixed (or "quenched") set of coupling coefficients Jy. However, it is interesting and richer to think of systems whose coupling coefficients Jy can (slowly) evolve in response to the spin configuration. The paradigm of this problem is the so-called Neural Network problem. Many different models can be defined which differ in the way the Jjj evolve as a response to inputs in the state variables (S|}. Briefly, it is believe that neural systems of animals may function somewhat like spin glasses with self-organizing learning rules [32] which amount to make evolve the coupling coeffients. As a result, the neural network is capable to learn and evolve in response to stimulii.
Analogy between the mechanics of granular media, spin glasses and neural networks
In order to simplify the problem, let us consider a granular medium as a disordered packing of rigid spheres. Then, dissipation comes from solid friction between the spheres. This friction depends on the connectivity, the normal and tangential forces applied at each grain-grain contact, the relative grain-grain motion. In order to link the mechanics of granular media to the spin glass problem, we make use of the theorem of virtual work. This theory allows to determine the limit of stability of an initially stable configuration and the different routes that the system may choose to follow when reaching the stability-instability threshold. The method of the virtual work consists in considering admissible grain motions {5u} and compute the corresponding energy dissipation:
where η and m labels the grains in contact with other grains and in contact with a boundary, k is the solid friction coefficient between the grains. f(n,m) is the symmetric normal force (from the action/reaction theorem) applied on grain η by grain m (or reversely on grain m by grain n). 5u(n,m) is any possible (virtual or not) displacement of the point of contact n-m. F(n) is the external normal force applied to the grain n. 8u(n, ext) is any possible displacement of the application point of F(n). The symbol I.I takes the absolute value of the quantity inside the vertical bars. Assuming for the time being that grains in contact remain in contact during an infinitesimal deformation, 8u(n,m) can be decomposed into the sum of three sets of rotations. Indeed, the grains being rigid, they can only rotate : two sets of rotations (δΩ" and 6ii 
The variational principle defined from eq.(2) together with (3) presents a structure similar to the variation principle deduced from the minimization of the spin-glass Hamiltonian (1). Indeed, we can draw a loose analogy by noting that the rotation variables {δΩ"} are similar to (continuous) spins. Neglecting the relative displacement of the two grains, we note that the virtual work is minimum when δΩηΛ r(n,m) -5Q m A r(m,n) vanishes. For grains of equal size, this implies δΩ η =-δΩ π1 . We thus obtain an "anti-ferromagnetic" coupling between neighboring grains, which is nothing but the standard condition of rotation without sliding.
"Frustration" appears due to the disordered topology of the grains. It is also present, as in spin problems, for most compact grain topologies (disordered or not), one of the simplest topology being the triangular lattice in two dimensions. From this analogy, one can expect most of the properties of spin glass to characterize granular media.
The existence of "sample to sample" fluctuations in physical measurements is a well-established fact in spin-glass physics. It is thus natural to observe it in the mechanics of granular media. We thus propose to rationalize the experimental observations summarized in §2 as stemming from a hierarchical structure of the dissipation energy lanscape in the space of grain rotation states. A similar discussion applies to the "intrinsic" fluctuations.
A prediction of this analogy is that these fluctuations should not decay with the sample size and saturate to an approximately constant, finite (possibly small) value. This seems to be born out for instance in the measurements of the fluctuations of the macroscopic friction coefficient (or equivalently of the angle of repose of a sandpile).
Another consequence of the proposed analogy is the evolution of the state of deformation of the grains within the granular medium and correspondingly the stress field, under evolving boundary conditions or external forces. Indeed, the hierarchical structure of the state space of spin-glasses implies that a small change of a local field or of a coupling coefficient may result in a drastic reorganization of the spin configuration [33] . Similarly, we thus expect that a small change of boundary condition and applied stress may result in large readjustment in the grain rotation field and consequently stress field. This prediction rationalizes the observation of Dantu and others made by photoelasticimetry [14, 25] .
Another important prediction is the influence of boundary conditions. We do expect in both spin-glass physics and granular media mechanics a large effect of boundary conditions. This is due to the propagation of correlations at large distances in the case of spin glass for the ground state problem. This is indeed observed in most experiments on granular media.
The above analogy is however imperfect. There is more to a granular medium that local rotation of grains about their centers. The mutual rotation of pairs of grain, which has been neglected in this first level of description, is in fact responsible for the evolution of contact between grains. In other words, an assembly of grains which is submitted to a stress will begin to deform as the grains rotate. As a result, a novel topology may appear, corresponding to a new set of coupling coefficients between grains. Both the existence of a contact and the amplitude of the normal and tangential forces at a contact must be specified to fully describe the mechanical problem. In the spin-glass language, this implies to introduce the following additional ingredients:
1) allow for an evolution of the coupling coefficients in response to the set of rotation (spin) variables : this then makes the problem closer to a self-organizing neural network.
2) allow for the appearance of new couplings and the disappearance of old ones. In the language of spin glasses, this amounts to introduce an occupancy variable, an occupied site carrying a spin. The physics of the corresponding spin-glass can then be viewed as an extension of so-called "tri-critical" models of phase transitions, in which an occupancy variable nj is coupled to the spin variable Sj [34] , The extension consists in taking random coupling coefficients in the tri-critical model. To our knowledge, this last model has not been studied in the physical litterature.
CONCLUSION
In this paper, we have proposed a tentative analogy between the mechanics of granular media and the physics of spin-glasses, neural networks and more generally of "complex systems". This analogy is based essentially on the recognition of the key role of "frustration" and disorder in both fields. The analogy is also largely supported by the large set of experimental observations of "intrinsic" and "sample to sample" fluctuations. From our point of view, the suggested analogy possesses the following main interests:
-its connects the mechanics of granular media to a large class of other problems, thereby allowing the use of reasoning and methods already known in these other fields;
-it gives confidence in the existence of fluctuations as intrinsic to the mechanics of granular media. This then demands a deeper reexamination of previous experimental results and suggests many other experiments which can focus to unravel these fluctuations and their significance.
-it may be used to develop "toy" models of granular media, in the same spirit of the spin model for ferromagnetism. "Toy" models are not made to describe all details of the systems, but to study a much
